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Nonlinear transport processes in disordered systems such as porous media and 
heterogeneous solids are studied, which are represented by two- or three-dimensional 
networks of interconnected bonds, by a Bethe network ( a  branching network with 
no closed loops) of a given coordination number, or by a continuum in which 
circular or spherical inclusions have been inserted at random. The bonds represent 
the pores of the pore space, or the conducting and insulating regions of a disordered 
solid, to which we assign effective properties (radii or conductances) selected at 
random from a probability density function. Three types of nonlinear transport 
processes are considered. ( I )  The relation between the current q and the potential 
gradient v is of power-law type (as in, for example, flow of power-law fluids or 
the electric current in doped polycrystalline semiconductors). ( 2 )  The relation be- 
tween q and u ispiecewise linear, characterized by a threshold (as inflow of Bingham 
fluids or in mechanical or dielectric breakdown of composite solids). (3 )  A large 
u is imposed on the system, so that a linear transport theory is not valid. The 
behavioral study of the effective transport and topological properties of the system, 
such as the permeability, conductivity, diffusivity, and the shape of the sample- 
spanning cluster of conducting paths shows that in all cases the concepts of per- 
colation theory play a prominent role, even i f  the system is well connected and 
percolation may seem not to play any role. For most cases, new effective-medium 
approximations (EM As )  are derived for estimating effective transport properties. 
Compared to the case of linear transport, new EMAs are considerably more accurate 
in predicting the scaling properties of the transport coefficients near a critical point 
such as the percolation threshold. For a power-law transport process, an exact 
solution is also derived for the Bethe networks. Using the concepts of percolation 
theory, scaling laws relating the effective properties to various regimes of transport 
and to topological properties of the system are also given. A relation between the 
volumetric flow rate of a power-law fluid in porous media and the macroscopic 
pressure drop is derived, which contains no adjustable parameter and is valid at 
any porosity. To test the accuracy of our analytical predictions, Monte Carlo sim- 
ulations are carried out for several cases. In most cases, good agreement is found 
between the simulation results andpredictions. The extension of the results to other 
types of nonlinearities is also discussed. 

Introduction 
The problem of transport in random media is important, in 

view of its relevance to the modeling of a wide variety of 
phenomena in natural and industrial processes. A partial list 

of applications include flow, dispersion and displacement proc- 
esses in porous media (for a review, see Sahimi, 1993a). dif- 
fusion through biological tissues, and transport, mechanical 
and rheological properties of disordered materials such as pol- 
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ymers, glasses and powders. In condensed matter physics, such 
applications include conduction in amorphous semiconduc- 
tors, frequency-dependent conductivity in superionic conduc- 
tors, oxygen transport in nuclear reactor fuels, motion of 
electrons in liquids, and many others. 

Most of the transport processes in random media that have 
been studied so far are linear. In practice, there are many 
natural and industrial processes in which a nonlinear transport 
phenomenon takes place. For example, flow of polymers and 
other non-Newtonian fluids in a porous medium is a nonlinear 
process. Brittle fracture and dielectric breakdown of composite 
solids are two other examples of a nonlinear transport process. 
In brittle fracture, for example, a disordered solid, which obeys 
equations of linear elasticity, breaks down and creates micro- 
cracks in its structure when the imposed macroscopic stress or 
strain exceeds a critical threshold (Sahimi and Goddard, 1986; 
Sahimi and Arbabi, 1992; for a review, see Sahimi, 1992b). 
In many doped polycrystalline semiconductors, for example, 
ZnO, the electrical conductivity is highly nonlinear above a 
threshold voltage. Continuous phase transitions in disordered 
media, such as the metal-insulator transitions, are usually char- 
acterized by the vanishing of some physical quantity of prac- 
tical relevance and can be accompanied by the shrinkage of 
the linear-response regime, as the transition point is ap- 
proached, and the emergence of a nonlinear transport regime. 
In all of such systems, the interplay between the nonlinear 
transport process and the disordered structure of the systems 
gives rise to phenomena that are far more complex than what 
one usually has to deal with in linear systems. 

In this article, we study several different types of nonlinear 
transport processes in disordered systems such as porous media 
and composite solids. The disordered system is represented by 
a network of interconnected bonds. We use two- or three- 
dimensional networks with a coordination number z ,  which is 
the number of bonds connected to the same node or site of 
the network, or a Bethe network of coordination number z, 
which is an endlessly-branching structure with no closed loops, 
an example of which is shown in Figure 1 with z = 3. In the 
case of a porous medium, the bonds represent the pores of the 
pore space. For modeling of disordered solids, the bonds rep- 
resent the conducting and insulating regions of the system to 
which are assigned random conductances (including zero con- 
ductance to represent the insulating parts). In some cases, this 
discrete representation of the system may not by suitable, and 
it may be more appropriate to represent it by a continuum. 
There are several methods of modeling disordered continua. 
One can, for example, insert at random circular or spherical 
inclusions in an otherwise homogeneous medium and obtain 
the so-called Swiss-cheese model (see Figure 2). If the spheres 
or circles are not overlapping, and if transport takes place 
through the channels between the circles or spheres, then the 
problem can be mapped exactly onto the same transport proc- 
ess on the edges of a Voronoi structure (Kerstein, 1983), a 2- 
D example of which is shown in Figure 3. However, if one 
uses such a model of a disordered system, one can no longer 
assign randomly the transport properties of the edges, because 
there is a natural distribution of the conductances which can 
be constructed based on the particular shapes and sizes that 
the random channels take on. Such natural distributions can 
give rise (Feng et al., 1987) to unusual phenomena which cannot 
be predicted by the network models unless they are used with 

/aw- 
Figure l. Bethe network of coordination number I= 3. 

the same natural distributions (see below). On the other hand, 
if in the Voronoi structures one constructs a dual network by 
connecting the centers of the neighboring polyhedra (polygons 
in two dimensions) to each other, one obtains a Voronoi net- 
work (see Figure 3). An efficient and vectorized computer 
algorithm for generating random networks was developed re- 
cently by Moukarzel and Herrmann (1992). In this case too, 

natural distribution of the conductances can be constructed. 

Figure 2. Swiss-cheese model of disordered continua. 
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Figure 3. Two-dimensional Voronoi network (thick lines), 
generated by constructing the dual network of 
Voronoi tessellation of space. 
The average coordination number of the network is 6. 

Jerauld et al. (1984) have already shown that as long as the 
average coordination number of a random network, such as 
the Voronoi network, and the coordination number of a regular 
network are equal, the transport properties of the two systems 
are virtually identical, provided that the same distribution of 
the bond conductances is used in both networks. They did not, 
however, consider the case of random networks with the nat- 
ural distributions, nor did they study any nonlinear transport 
process. 

One of the simplest prototypes of a disordered medium is 
a percolation system. In such a system, a fraction of the bonds 
(or inclusions in the continuum models) do not allow transport 
to take place at all. For example, in flowthrough porous media, 
a fraction of the pores may be closed to the flow of a given 
fluid, because such pores are occupied by another immiscible 
fluid or these pores are too small to accommodate the fluid’s 
molecules (see, for example, Sahimi, 1992a). Thus, the inter- 
connectivity of the open pores and the existence of a sample- 
spanning cluster of such pores play important roles in the 
overall properties of a transport process in a porous medium. 
Even in a well-connected system, percolation can play an im- 
portant role if  the distribution of the heterogeneities is broad. 
For example, if the bond conductance distribution of a network 
is very broad, then a finite fraction of the bonds can take on 
very small conductances, and hence their contribution to the 
overall conductivity of the system is very small and can be 
neglected. Thus, we may set their conductances to be zero and 
reduce the problem to a percolation process. This idea, which 
is usually called the critical path analysis, was first developed 
by Ambegaokar et al. (1971) for determining the hopping con- 
ductivity of semiconductors and was further developed by Katz 
and Thompson (1986, 1987) for determining the absolute (sin- 
gle-phase) permeability and electrical conductivity of porous 
media saturated by a Newtonian fluid. We shall discuss these 
ideas later by extending them to derive analytical expressions 

for the effective transport properties of disordered systems in 
the nonlinear regimes. 

One of the simplest methods of estimating the effective trans- 
port properties of disordered media is the effective-medium 
approximation (EMA), which is a phenomenological method 
by which a disordered medium is replaced with a hypothetical 
homogeneous one with unknown physical constants. In the 
original EMA developed by Bruggeman (1935) and independ- 
ently by Landauer (1952) (for a review of the history of EMA, 
see Landauer, 1978), each inhomogeneity is embedded in the 
effective medium itself, the unknown properties of which are 
determined in such a way that the volume average over all 
inhomogeneities yields no extra field in the medium. Thus, 
EMA is an ingenious way of transforming a many-body system 
into a one-body problem. The Bruggeman-Landauer EMA, 
which was developed for a continuum, was extended by Kirk- 
patrick (1973) to regular networks of random conductances, 
and has been shown to be very accurate under a wide variety 
of conditions. In the chemical engineering literature, such an 
EMA has been employed by several authors (see, €or example, 
Benzoni and Chang, 1984; Burganos and Sotirchos, 1987; Bur- 
ganos and Payatakes, 1992; see Sahimi et al., 1990, for a 
review). The original EMA was developed for steady-state 
diffusion and conduction processes. Sahimi et al. (1983a) ex- 
tended them to unsteady-state processes. Moreover, most of 
various versions of EMA developed so far have been for linear 
transport processes. One major goal of this article is to extend 
them to nonlinear transport processes. 

The plan of this article is as follows. In the next section, we 
discuss briefly the main ideas, concepts and methods of per- 
colation theory and EMA that we shall use in the rest of the 
article. Next, we treat the three types of nonlinear transport 
processes mentioned in the abstract of the article, using net- 
work models of disordered media. We then discuss how our 
results can be modified for the continuum models with a nat- 
ural distribution of the effective properties. The article is sum- 
marized in the last section. 

Percolation Concepts and the EffectiveMedium 
Approximation 

Consider a two- or three-dimensional network of coordi- 
nation number z, in which a randomly-selected fraction p of 
the bonds are open to transport (their conductance is nonzero). 
For convenience we call these the conducting bonds. The rest 
of the bonds are closed to any transport process (their con- 
ductance is zero). As is well-known, if p is small enough no 
sample-spanning cluster of conducting bonds is formed and 
macroscopic transport does not exist, whereas for large values 
of p macroscopic transport does take place. The transition 
between an insulating and conducting system is characterized 
by a well-defined value ofp, called the bondpercolation thresh- 
old po which depends on z and the dimensionality of the 
network. In this article, we mostly use the square ( z=  4) and 
simple-cubic ( z  =6) networks for which, pc= 1/2 and 0.249, 
respectively. For a Bethe network one has, pE = 1 / ( z  - 1). One 
of the most important features of such percolation networks 
is their universal properties near pc. In this region, one can 
define a correlation length € which diverges asp, is approached 
according to the power law 

€ - 0, -PA - ”. 
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The correlation length is the length scale for macroscopic hom- 
ogeneity of the system. For any length scale L > > t the system 
is macroscopically homogeneous, and thus the classical dif- 
ferential equations of transport with constant transport coef- 
ficients are applicable, while for length scales L < < 5 the system 
is a fractal and statistically self-similar object to which such 
equations are not applicable. The fraction X A  of conducting 
bonds that are in the sample-spanning cluster vanishes as: 

For any length scale L < < t ,  the sample-spanning cluster is a 
fractal object with a fractal dimension D. To relate D to the 
other exponents we note that the number of sites (or bonds) 
N, in the sample-spanning cluster is N,- EdXA - td-@/”, where 
d is the Euclidean dimension of the cluster. For L < < .$, we 
replace t by L and obtain N,- Ld-””. If a fractal dimension 
D is defined by N,- L”, then we must have: 

P D = d - - .  
V 

(3) 

Suppose now that the conductance g of the open bonds is 
selected randomly from a distribution f ( g ) .  Then, the overall 
conductivity gm of the network vanishes as pc is approached 
according to the power law: 

The permeability k of such networks also obeys the same scal- 
ing law (Eq. 4). In certain continua, however, there are im- 
portant differences between the scaling laws for the effective 
conductivity and permeability. This will be discussed later. The 
sample-spanning cluster can be divided into two parts: the 
dead-end part that carries no flow or current, and the backbone 
which is the multiply-connected part of the cluster. Near pc, 
the bonds of the backbone are also divided into two groups: 
the bonds in the blobs, which are multiply-connected and make 
the transport paths very tortuous, and the red bonds, which 
are those that, if cut, would split the backbone into two parts. 
The reason for calling such bonds red is that they carry all of 
the current between two blobs, and therefore they are the 
hottest bonds in the cluster (Stanley, 1977). The fraction X B  
of the conducting bonds that are in the backbone vanishes as 
pc is approached as X B -  (p-pc)Pe,  while for any length scale 
L < < the backbone is a fractal object with a fractal dimension 
DB given by: 

Near and at pc, the number Mred of the red bonds in a box of 
linear size L, with L <  <E, scales with L as Mred-Lcrcd, so that 
fred can be interpreted as the fractal dimension of the red bonds. 
Coniglio (1981) proved that: 

On the other hand, for L < < t ,  the resistance R between _two 
end points of a box of linear size L scales with L as R -Lc. It 
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is easy to show that: 

t =  ( d - 2 ) ~ + { ,  (7) 

where f =  Tv. The interested reader should consult Stauffer and 
Aharony (1992) for an introduction to percolation theory and 
Sahimi (1993b) for its various applications. The topological 
exponents, which describe the connectivity of the sample-span- 
ning cluster and its backbone, are completely universal and 
depend only on the dimensionality of the system and are the 
same for percolation in random or regular networks and in 
continua. For a given transport regime, the exponents t and { 
are also completely universal provided that (Sahimi et al., 
1983a): 

Certain continuum models violate the above condition, which 
is why they should be considered separately. Table 1 presents 
the currently-accepted values of the critical exponents and the 
fractal dimensions for 2-D and 3-D networks. Also shown are 
the same quantities for Bethe networks which, as can be seen, 
are quite different from those for 3-D networks. 

Consider now a regular network of coordination number z, 
and suppose that the conductance of the bonds is selected from 
a distribution f ( g ) .  In an effective medium approach, the 
random conductances of all bonds are replaced with g ,  to 
create a uniform network. One then replaces, in the uniform 
network, the effective conductance of one bond with its true 
value g. This replacement causes fluctuations in the uniform 
potential distribution in the network. One insists that the av- 
erage of these fluctuations, when the averaging is taken with 
respect tof( g )  , should be zero. This results in a simple equation 
for g ,  which is given by (Kirkpatrick, 1973): 

(9) 

The same method can be used for estimating the effective 
permeability of a porous medium with random pore perme- 
abilities. If we now choose: 

that is, a percolation distribution in which a fraction 1 - p  of 
the bonds are insulating and the conductances of the rest are 
selected from a normalized probability density function h ( g ) ,  

Table 1. Currently-Accepted Values of Critical Exponents and 
Fractal Dimensions in d-Dimensions” 

2 5/36 4/3 0.48 91/48 1.64 1.3 1.13 
3 0.41 0.88 1.05 2.52 1.8 2.0 1.34 

1 1/2 2 4 2 3 2  Bethe 
Network 

‘Rational or integer numbers represent exact values. For comparison, the cor- 
responding values for Bethe network, which represents the mean-field approx- 
imation, are also shown. 
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then Eq. 9 predicts that g,,, vanishes at p=pc= 2/z. Thus, this 
EMA predicts that, pc= 1/2 (the exact value) and 1/3 for the 
square and cubic networks, respectively. It is possible to im- 
prove the performance of EMA for the cubic network con- 
siderably (Sahimi et al., 1983b). Moreover, if we take, 
h (g )=6(g -  l),wefindthat,g,= (p-2/2)/(1-2/2),thatis, 
EMA predicts that g, vanishes linearly with p-pc in both 2- 
D and 3-D, and so it predicts that t =  1, which is relatively 
accurate for 2-D systems, but not so for 3-D ones (see Table 
1). However, EMA is very accurate, if p is not very close to 
pc. For a disordered continuum with randomly-distributed 
spherical inclusions, Eq. 9 can still be used if 212 is replaced 
by d- 1. Other inclusion shapes can also be considered (see, 
for example, Thorpe and Sen, 1985), but we do not consider 
them here. 

Power-Law Transport 
In this section, we study power-law transport in random 

networks. We use the analogy between Ohm's law of electrical 
currents and laminar flow in tubes and use the language of 
electrical networks, since it simplifies the discussion consid- 
erably. Thus, we assume that the relation between current 
(volumetric flow rate) q and the voltage (pressure) drop u, for 
any bond (tube or pore), is given by: 

where we interpret g as a generalized conductance. Larson 
(1981) showed that for slow flow of power-law fluids in a 
porous medium, with one injection point and one producing 
point, an equation similar to Eq. 11 is also valid for the entire 
medium. Kenkel and Straley (1982) and Straley and Kenkel 
(1984) proved the same for any two-terminal network. (These 
are nontrivial results.) Thus, although Eq. 11 is a nonlinear 
relation between q and u at the pore or bond level, its basic 
form, with thesamepower n, survives at the macroscopic level 
and is valid for the entire system [of course, for the entire 
system one has to write, Q=g, Vlln, where Qis the macroscopic 
current and V macroscopic voltage drop]. The reason for this 
survival is that power-laws are self-similar, and therefore they 
preserve their identity under a microscopic-to-macroscopic 
transformation (that is, power-laws propagate self-similarly). 
Given this, it is clear that for a random conductance network 
with power-law conductors the exponent t has to depend on 
n and, according to Eq. 7, the n-dependence of t has to be 
through 1 because v is a topological property which is inde- 
pendent of the transport process. In what follows, we restrict 
our attention to two-terminal networks, and do not consider 
multiterminal networks for which it is not even clear that there 
is a unique relation between Q and V .  

Exact Solution on a Bethe Network 
To derive an exact solution for the problem on a Bethe 

network we first need the series-parallel rules for power-law 
conductors. It  is not difficult to show that for N power-law 
conductors in series or parallel, the equivalent conductivity gN 
is given by: 

g, = 2 gi, parallel, 
i 

Consider now a Bethe network of coordination number 2. The 
conductance of a branch of the network, starting at the origin 
0 (see Figure 1) can be calculated by simply realizing that it 
is the equivalent conductance of the bond OA (conductance 
gi) in series with the branch that starts at A (conductance Gi). 
Suppose now that the network is grounded at infinity and that 
a unit voltage is imposed at 0. Then, the total conductance 
G of the network between 0 and infinity is that of (z-  1) 
branches which are in parallel. Therefore, 

For an infinitely large Bethe network G and G, are statistically 
equivalent. Thus, if H ( G )  is the statistical distribution of G, 
we must have: 

where RHS is the righthand side of Eq. 14. If we take the 
Laplace transform of Eq. 15 and exploit the fact that all gi 
and G, are randomly and identically distributed, we obtain: 

xf(g)H(G)dgdG] ' - I ,  (16) 

where X is the Laplace transform variable conjugate to G. For 
linear flows, n = 1, Eq. 16 reduces to the equation that was 
derived by Heinrichs and Kumar (1975). For this limit a closely- 
related equation was also derived by Stinchcombe (1974). At 
this point we can calculate two different conductivities for the 
network. The first conductivity, gf, is obtained if we ground 
the Bethe network at infinity and impose a unit voltage at 0, 
and define the conductivity to be the current that flows out 
along one of the outgoing bonds. The second conductivity, g,, 
which is also what one usually calculates for 2-D or 3-D net- 
works, is the average current density per unit applied field. 
The difference between the two cases is in the geometry of the 
applied field and the boundary conditions at infinity (see 
Straley, 1977, for more discussion of this point). The peculiar 
nature of Bethe networks gives rise to important differences 
between the two quantities. For example, for linear flows (n = 1) 
near pc one has: 

However, observe that Eq. 17 has the same form as that of 3- 
D networks (for which t=2; see Table l), whereas Eq. 18 is 
distinctly different from the conductivity scaling law for 3-D 
networks. Heiba et al. (1982) proposed gf as an accurate ap- 
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proximation to the conductivity of 3-D networks, and this idea 
has been used by several authors, especially in the chemical 
engineering literature (see Sahimi et al., 1990, for a review). 
Since Eq. 17 is similar to the scaling law for 3-D networks, 
and because by varying z the percolation threshold of a Bethe 
network can be adjusted to match that of a 3-D network, it 
is clear that for linear transport gJ can provide an excellent 
approximation to the conductivity of 3-D networks. For this 
reason, many authors have claimed that a Bethe network can 
actually represent a 3-D random conductance network. How- 
ever, this claim has no theoretical justification. It just happens 
that, by a happy coincidence, Eq. 17 is similar to that of 3-D 
networks. Many other properties of Bethe networks are dis- 
tinctly different from those of 3-D networks, the best example 
of which is given in Table 1 where we list the values of various 
exponents. For the present nonlinear case, we use gJ as an 
approximation to that of 3-D networks (that is, we assume 
that g ,  = g J ) ,  keeping in mind the subtle difference between 
the two quantities. It is then straightforward to show that this 
conductivity, which we now denote by g,, is essentially the 
average of the distribution H ( G )  and is given by, g ,=z (G) /  
( z -  1). Using the properties of the Laplace transforms, it is 
not difficult to show that g ,  is given by: 

which reduces to the equation given by Stinchcombe (1974) 
and Heinrichs and Kumar (1975) in the n =  1 limit. Thus, the 
procedure to calculate g ,  is to first solve the nonlinear integral 
equation (Eq. 16) for H ( G ) ,  and use the solution in Eq. 19 
to calculate g,. Both Heinrichs and Kumar (1975) and Stinch- 
combe (1974) described numerical and analytical techniques 
for solving such equations in the limit n = 1. The method of 
Heinrichs and Kumar is suitable for analyzing the problem 
near pc, while Stinchcombe's method is more efficient for 
p >  >pc. We used both of these methods for calculating g,. 

We now use Eqs. 16 and 19 to investigate the behavior of 
g ,  near pE. If distribution function (Eq. 10) is used in Eqs. 16 
and 19, it will not be difficult to show that: 

the prefactor c would have also been quite different, which is 
another indication of the large difference between g,  and g,. 

Scaling and Critical Path Analyses 
In this subsection, we provide a scaling analysis of power- 

law transport in random conductance networks, and study the 
dependence of the exponent t ( n )  on n.  This will then be used 
in conjunction with an extension of the critical path analyses 
of Ambegaokar et al. (1971) and Katz and Thompson (1986, 
1987) to derive an expression relating the volumetric flow rate 
of a power-law fluid in flow through porous media to the 
macroscopic pressure drop AP. To being with, scaling law (Eq. 
7) has to be generalized to the case of power-law transport. 
This has already been done by Kenkel and Straley (1982) who 
showed that: 

T(n) - v t , = t ( n )  = ( d -  l)v+-, 
n 

where is now a function of n. In general, t, is larger than t ,  
and therefore the conductivity curve for power-law transport 
near pc is flatter than that of the linear transport regime. We 
now relate {(n) to the topological exponents of percolation 
networks defined above. This will allow us to see how {(n) 
varies with n. It can be proven that: 

To prove this, consider a two-terminal blob of bonds near pm 
and suppose that the current through the blob is Q, while the 
voltage between its two terminals is V .  Thus, the resistance R 
of the blob is given by, R =  V'In/Q. Now, if we select any 
transport path between the two ends of the blob, we can write, 
V =  Eir,q;, where ri is the resistance of bond i along the path, 
and qi its current. Therefore, 

R =  [ r i ( ~ ) n ] ' ' n .  

However, qi<Q, and, therefore, (qi/Q)" should vanish as 
n-03, which implies that the blob resistance will be zero. This 
means that the blob does not offer any resistance to the trans- 

This proves Eq. 23 [which was first given by Blumenfeld and 
Aharony (1985) who studied power-law transport in two simple 
fractal structures]. Another relation between {(n) and a to- 
pological exponent can be obtained by straightforward ma- 
nipulation of the network properties. If we calculate the 

hy(z-2)  ( z -  1y- 1 [ 1 2c(z-  1)2+''n 
g m  = 

(20) port, and thus all of the resistance is offered by the red bonds. 

where C is a Constant of order unity. r is the Gamma function, 
5 = 2  + [nl,  where [n] denotes the integer part of n, and 

h ( g )  (21) dissipated power I in a network, we obtain: hn=lo ~ d g .  

I = - -  ' Q ' " + ' -  c rilqiln+l. (25) For example, for most polymeric liquids that can be modeled G i  
as a power-law fluid, n < 1, [n] = 0, and therefore, J =  2. Equa- 
tion 21 tells us that h ( g )  has to have finite inverse nth moments 
(Eq. 21) in order for g ,  to obey scaling law (Eq. 20). Note 

had we calculated g,, the corresponding exponent in Eq. 20 
would have been (5  + l/n)/2 (Straley and Kenkel, 1984), and 

Hence, if we set = - l in Eq. 25, we obtain: 

that Eq. 20 reduces to Eq. 17 in the limit n = 1. Note also that, 1 R=-=C ri. (26) G i  
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If the bond conductances r, are all unity, then Eq. 26 implies 
that the resistance is simply the sum of all current-carrying 
bonds of the network, which are in the backbone, as described 
earlier. In view of Eq. 5 we conclude that: 

- 
{(n = - 1) = DB. 

This result was first given by Blumenfeld et al. (1986). Thus, 
although the limit n = - 1 may not seem physical to an engineer, 
it provides a connection between the properties of a nonlinear 
transport process and a purely topological property of the 
disordered medium. Using the values of the various exponents 
given in Table 1 ,  we see that in 2-D, {(n = a)= 1 ,  and 
{(n = - 1) = 2.18, whereas {(n = 00) = 1 ,  and {(n = - 1) = 1.6 in 
3-D. Therefore, {(n) is a slowly-varying function of n. Meir 
et al. (1986) calculated {(n) numerically for many values of 
n. Using their results, we present in Figure 4 the variations of 
t (  n) with n. Note that, it has not been possible to relate {(n = 1) 
to the topological exponents. This indicates the richness and 
interesting features of power-law transport in random media. 
Having calculated t (n) ,  we can now turn our attention to a 
critical path analysis of power-law transport in random media. 

The essence of the critical path analysis is as follows. One 
argues that transport in a heterogeneous medium with a broad 
distribution of conductances is dominated by those conduct- 
ances whose magnitudes are larger than some characteristic 
value g,, which is the smallest conductance such that the set 
of conductances (gp lgp> g,) forms a conducting sample-span- 
ning cluster. Therefore, transport in a disordered medium with 
a broad conductance distribution reduces to a percolation 
problem with a threshold conductance g,. This means that we 
can set the conductances of all bonds whose magnitudes are 
less than g,. to be zero, since the contribution of such bonds 

I I I 4 I 

A 1 1 I 1 

0 1 2 3 

n 

Figure 4. Variations of power-law conductivity exponent 
t(n) with n. 

to the macroscopic conductivity is very small. Doing this re- 
duces the problem to a percolation process near the percolation 
thresholdp,. Thus, one has a trial solution for the conductance 
of the sample which is of the following form: 

which is just the scaling law of the conductivity, Eq. 4. Here, 
p(g , )  denotes the probability that a given conductance is greater 
than or equal to g,, and a, is a constant. Equation 28 is then 
maximized with respect to g, to obtain p(g,). 

Katz and Thompson (1986, 1983) extended these ideas to 
estimate the permeability and electrical conductivity (and, 
hence, the diffusivity) of porous media saturated by a New- 
tonian fluid. In a porous medium the local hydraulic con- 
ductance is a function of the length I. Therefore, the critical 
conductance g, defines a characteristic length I,. Since both 
flow and electrical conduction belong to the class of scalar 
percolation problems, the length that signals the percolation 
threshold in the flow problem also defines the threshold in the 
electrical conduction problem. Thus, we rewrite Eq. 28 as: 

where the porosity I#I ensures a proper normalization of the 
fluid, and g, is equal to crI' for the flow problem, where the 
constant cr is obtained by solving the flow problem in a single 
pore (or tube). For appropriate choices of the function p (  I), 
the conductance g , ( l )  achieves a maximum for some I - 5 1 .  

If p ( I )  allows for a maximum in the conductance, if the 
maximum occurs for I,, 5 I, and if the pore size distribution 
of the pore space is very broad, then Katz and Thompson 
obtained 

so that with t = 2  for 3-D systems, one obtains, Im=lC/3 for 
linear flows (n = 1). The permeability k of the system is now 
written as: 

where a2 is a constant. To obtain the constant a2, Katz and 
Thompson assumed that at a local level the rock conductivity 
is go, the conductivity of the fluid that saturates the pore space, 
and that the local pore geometry is cylindrical. This immedi- 
ately implies that, a,= 1/32 (which is obtained from the so- 
lution of laminar flow in a cylindrical tube), and leads to the 
following expression 

If 
k K T =  - 2261" ' 

where F=go/gm is the formation factor of the rock, and is a 
measure of the tortuosity of the medium. Equation 32 contains 
no adjustable parameter: every parameter is precisely defined. 
To obtain the characteristic length I,, Katz and Thompson 
proposed to use mercury porosimetry, which is a percolation 
process. In a typical mercury porosimetry experiment, the pore 
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volume of the injected mercury is obtained as a function of 
the applied pressure. Normally, in the initial portion of the 
curve the curvature is positive. This portion is obtained before 
a sample-spanning cluster of pores, filled with mercury, has 
been formed. After this initial portion, one arrives at an in- 
flection point beyond which the pore volume increases rapidly 
with pressure. This inflection point signals the formation of a 
sample-spanning cluster. Therefore, from the Washburn equa- 
tion we must have Ir -4u,cos~/P, ,  where us is the surface 
tension, 0 the contact angle, and Pi the pressure at the inflection 
point. Hence, I, = - 4usco&/Pi defines the characteristic length 
I, and can be obtained from a routine mercury porosimetry 
experiment. Equation 32 has been shown to be highly accurate 
for a wide variety of porous media over the entire range of 
porosity (see Sahimi, 1993a. for a review). 

We can use the same ideas to derive an expression relating 
Q to AP for flow of a power-law fluid in porous media. What 
we need is the solution to the problem of flow of a power-law 
fluid in a cylindrical tube, so that we can relate the flow con- 
ductances to the length I (through g- c,13; see above), and the 
relation between t ( n )  and n. The latter is given by Eq. 22 and 
Figure 4. For the flow of a power-law fluid in a cylindrical 
tube we have q =g(Ap)'/", where q is the volumetric flow rate, 
Ap the pressure drop along the tube, and (see, for example, 
Bird et al., 1987): 

(33) 

where m is the usual parameter of a power-law fluid. Equation 
30 can still be used, except that one should replace t with 
1, = f ( n ) .  Thus, repeating the procedure of Katz and Thomp- 
son (1986, 1987) for the present problem, we find that for flow 
of a power-law fluid through a porous medium, the macro- 
scopic flow rate Q is related to the macroscopic pressure drop 
AP through the following relation 

(34) 

where k K r  is the permeability of the medium for h e a r  flow 
problems (Eq. 32), and L the length of the medium. The con- 
stant C, is given by: 

(7*8)1-n(23*6rn)'" p - n ) / 5  ( n  1)/10 C, = 4 - . (35) 22"+1(l+3n)"(l+tn)2+'n 

Equation 34 can be considered as a generalization of Darcy's 
law for flow of a power-law fluid in a porous medium. Equa- 
tion 35 can be simplified further since Katz and Thompson 
(1987) related F to the porosity of the system by: 

where S(l,,,a is the volume fraction of connected pores in- 

and no adjustable parameters need to be used. Unfortunately 
the available experimental data on polymer flow in porou: 
media do not contain the capillary pressure curves of the media 
Hence, we cannot estimate 1, for such porous media, and there. 
fore we are unable to evaluate the performance of Eqs. 34 and 
35. Note that, neither Eq. 32 nor Eq. 34 is exact, because the 
critical path analysis, based on which these equations were 
derived, is not exact. But the success of Eq. 32 in predicting 
the experimental data for permeability of various porous media 
for Newtonian fluids indicates that the critical path analysis 
provides an excellent approximation to the problem. Based on 
this success, we believe that Eqs. 34 and 35 would also provide 
a highly accurate relation between Q and AP for power-law 
fluids in porous media. 

Over the years, many authors have investigated flow of 
polymers through a porous medium, and have used power- 
law constitutive equations to correlate their experimental data. 
Some of these works include those of Christopher and Mid- 
dleman (1965), Marshall and Metzner (1%7), Gogarty (1967). 
Savins (1%9), Hirasaki and Pope (1974), Sheffield and Metz- 
ner (1976), Odeh and Yang (1979), Teeuw and Hesselink (1980), 
Chauveteau and Zaitoun (1981), Duda et al. (1983). and Wu 
et al. (1991). Almost all of the previous theoretical studies used 
the bundle of parallel capillary tubes as the model of the porous 
medium, based on which various expressions relating Q and 
AP were derived. For example, Teeuw and Hesselink (1980) 
proposed an expression similar to Eq. 34 in which, instead of 
our kK7, they used the absolute permeability of the porous 
medium which was estimated by using the bundle of capillary 
tube model (see Scheidegger, 1974). The coefficient C,, of their 
expression is given by: 

(37) 

Christopher and Middleman (1%5) also presented an equation 
similar to that of Teeuw and Hesselink (1980). except that their 
C, is given by: 

A similar equation was used by Hirasaki and Pope (1974). 
Note that the &dependence of Eq. 35 is weaker than that of 
Eq. 37 or 38. Sheffield and Metzner (1976) criticized such 
correlations, and stated correctly that a bundle of capillary 
tubes cannot take into account the effect of the 3-D nature of 
a porous medium, which they showed was essential for flow 
of polymers in porous media. Instead, they used a constricted 
unit cell model in which the pores do not have equal size 
mouths. Their model, although more realistic than the bundle 
of capillary tube model, cannot also take into account the 
effects for which Sheffield and Metzner criticized others. We 
believe that Eqs. 34 and 35 offer a viable alternative to all the 
expressions that had been developed previously based on the 
bundle of capillary tube and similar models. 

volving pore widths of size I,,,-. It is clear that if one specifies 
the parameters n and m of a power-law fluid and carries out Effective-Medium Approximation 
a mercury porosimetry experiment to estimate I, (and thus &), 
then all parameters of Eqs. 34 and 35 are completely specified, 

In this subsection, we derive an EMA for power-law trans- 
port processes through networks of random conductances. To 

376 March 1993 Vol. 39, No. 3 AIChE Journal 



begin with, let us first derive an EMA for the Bethe networks. 
To do this, we follow the method developed by Stinchcombe 
(1974) and Heinrichs and Kumar (1975). The basic idea is to 
assume that the statistical distribution of the conductance G 
is of the form, H (  G )  = 6 (  G - G,) ,  where G, is the mean value 
of G ,  and to derive a power-series solution for Eq. 19 in the 
limit of large z. As Stinchombe (1974) and Heinrichs and 
Kumar (1975) showed, the first term of the power-series so- 
lution is equivalent to an EMA for Bethe networks. We do 
not give the details of our derivation here since it is a direct 
extension of their works, although the algebra for the present 
problem is more complex than the linear case studied by them. 
Using their method, an EMA for a Bethe network of coor- 
dination number z is found to be: 

and the effective conductivity g, of the network is given by, 
g, = zG,/ ( z  - 1). In the limit n = 1 ,  Eq. 39 reduces to: 

which was given by Stinchcombe (1974) and Heinrichs and 
Kumar (1975). 

We now present two different EMAs for 2-D or 3-D net- 
works. The first EMA is obtained by comparing Eqs. 40 and 
9. As can be seen, the only difference between the two equations 
is in the coefficients of g, in the denominators of the two 
equations. If in Eq. 40 we replace (2-2) with (z/2- l), we 
obtain Eq. 9. That is, the role of (z - 2) in Eq. 40 is played 
by (z/2 - 1) in Eq. 9. Thus, assuming that the same is true for 
power-law transport, which is a reasonable assumption given 
that z is a topological property, Eq. 39 can be converted into 
an EMA for 2-D or 3-D networks of coordination number z. 
The result is given by: 

which reduces to Eq. 9 in the limit n = 1 .  The second EMA 
was derived by Bernasconi and Tua (1989) for a 2-D continuum 
with circular inclusions which we extend here to networks of 
random conductances with coordination number z. One first 
defines a tangent or differential conductance u by: 

d9 
fJ=- 

du' 

which, for the case of linear transport, yields the usual u=g. 
Equation 42, when combined with Eq. 1 1 ,  yields: 

(43) 

Consider now a two-phase system which is characterized by 
tangent conductances uI and u2, and keep in mind that they 
both depend on the voltage u. Recall that in the EMA approach 

one inserts in the effective medium a bond with its true con- 
ductance, and determines the voltage along this bond, that is, 
the voltage in the effective medium plus the fluctuation that 
is caused by the insertion of the bond with its true conductance. 
Carrying this out for the phase i (  i=  1,2) yields: 

where u, is the voltage along the bond in the effective medium, 
and a, is the effective value of u. If we now apply the usual 
idea of an EMA, namely, that the average of u; must be equal 
to u, (or the average of the fluctuations must be zero), we 
obtain: 

which is the same as Eq. 9 except that the conductances a; and 
urn are functions of the voltage. If our system is made of two 
phases with volume fractions p and (1 -p), then 

pu, + ( 1  -p)u2 = urn. (46) 

The generalization of Eq. 46 to a N-phase system is obvious. 
The last two equations can be used to determine a,. Having 
determined this quantity, we can calculate g, using Eq. 43. 

To compare the two EMAs, let us consider a simple case. 
We use distribution (Eq. 10) with h(g) =6(g-  l), that is, the 
case in which a fraction (1 -p) of the bonds have g =  0, while 
the rest take on g =  1 .  In this limit, Eq. 41 reduces to: 

(pz/2)" - 1 ' In  

grn= [ (d2)"- 1 ] ' 

while the second EMA predicts that: 

(47) 

We can now compare these formulae in a few limiting cases, 
and also test their validity. First of all, they should reduce to 
the linear case for n =  1 ,  which they both do. Secondly, the 
percolation threshold that they predict should be the same as 
in the case of linear transport, sincep, is a topological property 
and should not depend on the transport regime. Both equations 
predict that g, vanishes at p =pc = 2/2, the same as in the 
case of linear transport. Thirdly, both equations predict that, 
tn = l/n, which is not correct. For example, for 2-D networks 
and n =  1/2, Eqs. 47 and 48 predict that t,,=2, whereas the 
numerical estimate (see Figure 4) is t, - 1.46, which means that 
the EMAs prediction is in error by about 37%. However, for 
3-D networks and n =  1/2, the two EMAs still predict that, 
t,,=2, whereas Figure 4 gives, tn=2.35, that is, the EMA's 
prediction is about 17% in error. Therefore, as far as the 
power-law conductivity exponent is concerned, the perform- 
ance of the EMA improves as the dimensionality of the system 
increases. On the other hand, observe that in the case of linear 
transport and for the same 2-D and 3-D networks, EMA pre- 
dicts that, t = 1 ,  whereas the actual values are (Table 1) t =  1.3 
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and 2, respectively: the EMA performance worsens as  the 
dimensionality of the system increases, and in fact the 3-D 
prediction is in error by a factor of 2. Therefore, compared 
with the linear case, the predictions of our EMAs improves 
for the power-law conductivity exponent considerably, and the 
improvement is particularly dramatic in three dimensions. 

We can also compare these with the prediction of Bethe 
networks, Eq. 20. If we use this equation we find that for 
n = 1/2 we have, t ,  = 1 + l / n  = 3, which is about 28% in error 
when compared with the 3-D case. Hence, compared with the 
linear case, the performance of Bethe networks, as an ap- 
proximation to 3-D systems, also becomes poorer. This again 
demonstrates the richness and interesting features of power- 
law transport in random media. We should point out that, 
based on heuristic arguments, Cannella et al. (1988) proposed 
the following EMA for 2-D and 3-D networks: 

However, although this equation does reduce to Eq. 9 in the 
limit n = 1, some of its predictions are unphysical. For example, 
it predicts that g, vanishes at, p = p c =  1 - [ (z-  2)/z]", which 
implies that pc depends on the transport regime and the value 
of n, which is not physical. Therefore, we do not believe that 
Eq. 49 represents a valid EMA for power-law transport through 
random media. 

Monte Carlo Simulation of Power-Law Transport 
We should first point out that given a pore size distribution 

r ( R , )  one can, with the aid of a network model of porous 
media and Monte Carlo simulations, or the EMAs discussed 
here, calculate rheological properties of a power-law fluid in 
flow through porous media. Consider, as an example, the 
calculations of the apparent viscosity pa, a quantity that is 
frequently calculated in the polymer literature (Bird et al., 
1987). For flow of a power-law fluid through a cylindrical tube 
we have, q = g ( Ap/I)"", where I is the length of the tube, and 

where R, is the radius of the tube, and m the usual parameter 
of a power-law fluid (cf. Eq. 33 in which it has been assumed 
that I=R,, which is the standard assumption in the critical 
path analysis). Thus, given a r (R , )  we can calculate f (g )  
since, f (g )  = (dR, /dg)r (R, ) .  We can then use thisf(g) with 
an EMA to calculate g,, the effective volumetric flow rate, 
Q,=g,(AP/L)"", where L is the length of the medium, and 
therefore a Darcy velocity um=(6Q,,,)/S, in which S is the 
cross-sectional area of the porous medium. On the other hand, 
as we pointed out above, we can also use the same EMA to 
calculate the effective permeability k of the medium by con- 
verting r (R , )  into a permeability distribution (since the tube 
permeability is proportional to R;) .  Having determined u, and 
k, we can calculate an apparent viscosity pa for the power-law 
fluid using, for example, the relation, p a =  (kAP)/(Lu,). Of 
course, any other definition of pa can also be used (see, for 
example, Bird et al., 1987). Similar methods can also be used 
for other rheological properties of the power-law fluid such 
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as the apparent shear rate (Sorbie et al., 1989). The advantage 
of such a method is that the effects of pore space dimen- 
sionality, pore size distribution, coordination number, and the 
tortuosity can be automatically taken into account. Therefore, 
calculating g, (or k) effectively allows us to determine all 
quantities of interest. For this reason, we only focus on Monte 
Carlo calculation of g, and the comparison of the results with 
the predictions of our EMAs. 

We carried out Monte Carlo simulations to calculate g,, 
using a L x L square network and a L x L x L cubic network, 
where L is the number of nodes in a given direction. We used 
L = 250 and 15 for the square and cubic networks, respectively. 
A fixed potential gradient was imposed in one direction of the 
networks, and periodic boundary conditions were used in the 
other directions to reduce the effect of finite size of the net- 
works. In the case of the square network one has to solve 
62,000 nonlinear equations, while for the cubic network the 
number of equations to be solved is 2,929. All equations for 
nodal potentials were solved using a Newton-Raphson method, 
and the solution for each value of p was used as the initial 
guess for a smaller value of p. We also averaged the results 
over ten different realizations of each network. Although any 
conductance distribution can be used, we restrict our attention 
to a percolation distribution, Eq. 10, with h (g) = 6(g - 1). Al- 
though this distribution may seem too simple, it provides in 
fact the most stringent test of our analytical predictions, since 
it is usually with percolation distributions that approximate 
theories such as an EMA breakdown (see, for example, Koplik, 
1981). We restrict our attention to n< 1 ,  which is the regime 
of interest to flow of polymers. 

Figure 5 compares our Monte Carlo results in the square 
network for n =  1/2 with the predictions of Eqs. 47 and 48. 
Values of g,(p) have been normalized with g,(l). Our nu- 
merical results for n = 1/2 are consistent with, but presumably 

n = 1/2 

Montecarlo ,/ / 
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I I I 
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Figure 5. Comparison of Monte Carlo results with the 
predictions of the EMAs for the square net- 
work. 
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Figure 6. Comparison of Monte Carlo results with the 
predictions of the EMAs for the square net- 
work. 

more accurate than, those of Tua and Bernasconi (1988) who 
used smaller square networks, and also employed insulating 
boundary conditions on the sides of the network parallel to 
the macroscopic potential drop. Such boundary conditions do 
not usually eliminate the effect of finite size of the network 
(Tua and Bernasconi studied only the n = 1/2 case in the square 
network). For pr0.75, the agreement between the numerical 
results and the predictions of Eq. 48 is excellent, and the 
predictions of the two EMAs differ by about 15%. Figure 6 
compares the results for the square network for n=0.3, and 
the same trends as those in Figure 5 are also found here. In 
general, for 0.5cpCO.75, Eq. 48 is more accurate than Eq. 
47. Figure 7 compares the Monte Carlo results in the cubic 
network for n=0.4. In this case, we cannot expect the two 
EMAs to perform well in the entire range of p, since they do 
not predict the correct percolation threshold. However, for 
p 2 0.5 the predictions of Eq. 48 follow closely the Monte Carlo 
results, while those of Eq. 47 are not in good agreement with 
the Monte Carlo results. In general, Eq. 48 is more accurate 
than Eq. 47 in both 2-D and 3-D, especially for small values 
of n. This is due to the pcn'-')'n factor that forces Eq. 48 to 
predict larger values of g, than those predicted by Eq. 47. We 
also present in Figure 7 the predictions of the Bethe network 
model, Eqs. 16 and 19, where we used z=5  so that the per- 
colation threshold of the network,p, = 1/4, would closely match 
that of the cubic network, p,=0.249. As can be seen, the 
predictions of the Bethe network model are in good agreement 
with the Monte Carlo results. Moreover, in contrast with Eqs. 
47 and 48, the Bethe network solution has the advantage of 
providing accurate predictions for the range, 0.25 cp<0.33, 
where the two EMAs fail completely. However, it is very dif- 
ficult to obtain the numerical solution of Eqs. 16 and 19, 
especially for n c 1, even when one uses a simple percolation 
distribution, whereas it is straightforward to solve the EMA 
equation with any-f(g). On the other hand, one can improve 

l . O 1  
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/ \  
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Figure 7. Comparison of Monte Carlo results with the 
predictions of the EMAs and a Bethe network 
of coordination number 2s 5 for the cubic net- 
work. 

the predictions of the EMA by combining it with a position- 
space renormalization group method (Sahimi et al., 1983b). 
For example, this hybrid method would predict p,=0.265 for 
the cubic network, much closer to the true value, p,=O.249, 
than the EMA prediction, pc= 1/3. The success of this hybrid 
method in predicting linear transport properties of 3-D dis- 
ordered systems has been documented elsewhere (Sahimi, 1988), 
and therefore will not be discussed any further. 

Piecewise Linear Transport Characterized by a 
Threshold 

We now consider transport processes that are piecewise lin- 
ear and are characterized by at least one threshold. Of course, 
any piecewise linear transport is in fact a highly nonlinear 
process. In many cases, the regime below the threshold is 
degenerate in the sense that nothing interesting can happen if 
the driving force of the system is below its threshold value. 
For example, Bingham fluids are viscous if the shear stress is 
larger than a critical value 7,, but do not flow if the stress is 
less than 7,. Foams, which are generally considered as non- 
Newtonian fluids, are used in displacement and enhanced oil 
recovery processes for increasing the mobility of the displacing 
fluid and stabilizing the process. However, to mobilize the 
foam in any pore, the applied pressure has to exceed a critical 
value per, otherwise the foam will not flow. In brittle fracture, 
no microcrack nucleation takes place unless the applied stress 
or strain exceeds a critical value which depends on the size of 
the system (Arbabi and Sahimi, 1990). Bipolar Zener diodes 
(which are commercially called varistors) switch from being a 
nonconducting link to a conducting one at an onset voltage 
threshold u,. More generally, a network of such diodes can 
become conducting if the voltage applied to the system is larger 
than a critical value V,. In granular materials, contacts between 
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particles have asymmetric characteristics as they cannot resist 
extension, but can tolerate compression. 

Let us consider a 2-D or 3-D network in which for every 
bond of the network the relation between q and u is given by: 

q=o, u<u,, (52) 

where v, is the critical voltage or threshold for the onset of 
transport. As in the power-law transport case, we take g to be 
a generalized bond conductance, which can vary from bond 
to bond. On the other hand, in any physical situation, such 
as flow of foams in porous media one expects u, to vary from 
pore to pore because, for example, the threshold pressure usu- 
ally depends on the shape and size of the pore. Therefore, 
instead of making g to be a random variable, we assume that 
u, is a randomly-distributed quantity which, for the sake of 
simplicity, is assumed to be distributed uniformly in (0, l), 
and set g to be the same for all bonds, and therefore its nu- 
merical value is irrelevant (we assume g = 1). The questions we 
ask are: what is the critical voltage V, to have macroscopic 
transport in the network, and how do the macroscopic current 
Q and the effective conductivity g,,, of the network vary with 
the applied voltage. The piecewise linear process that we study 
here is reversible, that is, if Q is lowered the conducting bonds 
become insulating again. This is an important assumption since, 
if we assume that the process is irreversible, then the conversion 
of one insulating bond to a conducting one triggers an aua- 
lanche effect: the conversion of the first bond makes consec- 
utive conversions easier. Such irreversible and nonlinear models 
have been used to model fracture and electrical breakdown of 
disordered media (for a review see Sahimi, 1992b), since frac- 
ture and failure are usually irreversible processes. We should 
mention that Adler and Brenner (1984) investigated this prob- 
lem (with fixed critical voltages) in the context of a spatially 
periodic capillary network model of porous media. However, 
such a model is perfectly ordered and contains no randomness 
whereas, as we showed in the previous section, it is precisely 
the interplay between the nonlinearity of the transport and the 
disordered structure of the medium that gives rise to a rich 
variety of behavior. 

It is clear that for any applied voltage V< V, no macroscopic 
current can flow. Therefore, it should also be clear that 

(53) 

where vci is the critical voltage of bond i ,  and the sum is taken 
over all paths between the two terminals of the network. This 
immediately necessitates the concept of minimum path between 
the two terminals of the network. This concept has already 
been investigated for percolation clusters by Alexandrowicz 
(1980), Havlin and Nossal (1984), and Grassberger (1985). It 
was shown by these authors that for any L <  < E ,  the length 
Lmin of the path scales with L as Lmin - Lr-, so that Cmin can 
be considered as the fractal dimension of the minimum path. 
Currently-accepted values of this quantity are also listed in 
Table 1. Blumenfeld and Aharony (1985) showed that, 
fmin= ?(n = O+), and hence this problem and that of power-law 
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transport discussed above are actually related. Obviously, if 
the applied voltage is larger than some V,, all bonds of the 
network will be conducting, one is in the usual linear regime, 
and Q is simply proportional to V. Therefore, one generally 
has three regimes of interest: 

(1) If V< V,, enough bonds have not become conducting to 
form a sample-spanning cluster, and therefore no macroscopic 
transport takes place. Hence, Q = 0, and g,,, = 0. 

(2) If V,< V< V,, then enough bonds have become con- 
ducting that they make macroscopic transport possible, while 
some of the bonds are still not conducting. We expect Q to 
depend nonlinearly on V- V,, because this is precisely the 
regime in which the effect of nonlinearity (random voltage 
thresholds) should manifest itself. As we show below, this is 
indeed the case (note that in linear transport abovep,, Q always 
varies linearly with V). 

(3) If V >  V,, then every bond of the network is conducting, 
g, = 1 ,  and Q depends linearly on V again. The fact that there 
is a critical threshold V,, and that there is a regime in which 
Q depends nonlinearly on V- V,, indicate the similarity be- 
tween this problem and a percolation process. This similarity 
has prompted Rossen and Mamun (1993) to propose simple 
percolation models for this problem. However, we believe that 
the analogy between this problem and a percolation process 
is not complete, and therefore percolation alone cannot provide 
a quantitative description of the present problem. 

We first derive an EMA for this problem, and then present 
our numerical results. We consider only the case n = 1, and 
generalize the continuum EMA derived by Bernasconi and Tua 
(1989) discussed above. They derived an EMA for this problem 
in a 2-D continuum with circular inclusions. We generalize it 
to an arbitrary network of coordination number z in 2-D or 
3-D. Suppose that p is the fraction of the bonds that have 
become conducting, and u,, is the voltage difference between 
the ends of the nonconducting bond, whose conductance is E, 
where E is very small and is eventually set to be zero. Since we 
assume that the critical voltages u, are uniformly distributed 
in (O,l), then we must have, dp=du,,,. Equation 14 can now 
be used to relate v,, to V, the applied voltage. Since the trans- 
port is piecewise linear, the differential or tangent conductivity 
a, and the effective conductivity g ,  are the same. Therefore, 
Eq. 44 becomes: 

(54) 

But according to the EMA for linear systems we have, g ,  = 0, 
if p < 2 / z ,  and 

( 5 5 )  

Thus, in the nonconducting regime we have, dV= (1 -p )dp ,  
which, after integrating and using the boundary condition that 
V ( p  = 0) = 0, yields: 

1 
2 

V = p - - p ' ,  p < 2 / 2 .  

This equation tells us how the applied voltage V varies with p 
before a sample-spanning conducting path is formed. At 
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p = p ,  = 212 the first sample-spanning conducting path is formed 
(remember that the problem is being treated within an EMA), 
at which point we have: 

I 
d 
.$ 0.6 

5 
5 
5 0.4 

For p > 2 / 2  we have a conducting system, and from Eq. 54 
(setting e=0) we obtain, d V = [ ( z - Z ) / z ] d p ,  which after in- 
tegrating and using the fact that V ( p = 2 / z )  is given by Eq. 
57, yields: 

.- 
U 

.- - 

At p =  1 all bonds are conducting, so that the corresponding v c  / 

A/ 
0.6 

0. 
O.? 0.4 

voltage is: U. 8 

2 - 2  2 v,=-+7. 
z z  

Applied Voltage, v 
(59) Figure 8. Variations of the effective conductivity g,,,with 

the applied voltage Win the square network. 

The corresponding equations for g, are as follows. Clearly, 
g, = 0 for V <  V,.. For V c s  V s  6 we can solve for p from Eq. 
58 and substitute in Eq. 55 which yields: 

22 2 
g,=- V - -  -- V c s V s v , .  (60) 

( z - 2 ) 2  ( :2) 2-2’ 

Obviously, g,= I for V> V,. 
We can now investigate the variations of Q with V.  For 

V <  V,., there is no macroscopic transport and Q = 0. Since in 
general, dQ=u,dV=g,dV, we obtain, dQ= [ ( ~ - 2 ) / z ] [ ( p -  
2 / z ) / (  1 - 2 / z ) ] d p  = ( p  - 2 / z ) d p ,  for V, s V s  V,. If we 
integrate this equation, use the boundary condition that, 
Q ( p  = 2 / z )  = 0, and then eliminate p from the resulting equa- 
tion in favor of V ,  we obtain: 

Q = -  Z 2  ( V - $ ) *  
2(z - a2 

-2 ( v - s )  +$, V c s  Vs V,. (61) 
2 - 2  

For V r  V,, we have g,= 1, and we get a simple equation: 

1 
2’ 

Q= V - -  

independent of z. Thus, our EMA predicts correctly the ex- 
istence of the three transport regimes discussed above and, in 
particular, it predicts that for V c s  Va V,, Q depends quad- 
ratically on V.  

In order to test these predictions, we carried out Monte Carlo 
simulations of the problem using square and simple-cubic net- 
works. The statistics of our simulations (network size, and so 
on) are the same as in the case of power-law transport discussed 
above. Figure 8 presents the variations of g,,, with V in the 
square network. All of the qualitative features of the transport 
are correctly predicted by our EMA, except that our numerical 

simulations indicate a smooth variation of g, with V ,  whereas 
the EMA predicts a sharp transition at V =  V,. Figure 9 shows 
the variations of Q with V in the same system and, unlike the 
g, case, both our numerical calculations and the EMA predict 
no sharp transition at V =  V,. However, the numerical value 
of V, does not agree with the prediction of our EMA. While 
our Monte Carlo calculations predict, V,=0.29, the EMA pre- 
dicts that, Vc=3/8=0.375.  Roux et al. (1987) used a transfer 
matrix method, which is a very accurate technique of estimating 
critical points, and estimated that for a square network, tilted 
at 45”, V,=O.23, which is lower than ours. However, we believe 
that the fact that their square network was tilted makes their 
system somewhat different from ours, since the distribution 
of bond currents in their network is isotropic, whereas it is 
anisotropic in our network, because the bonds of our network 
that are perpendicular to the direction of the macroscopic 

Q 0.2 - 

0.0 

0.2 0.4 0.6 0.8 

Applied Voltage, V 

Figure 9. Variations of macroscopic current Q with the 
applied voltage Win the square network. 
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voltage drop receive much less current that those that are 
aligned with V. As a result, the formation of a sample-spanning 
cluster is easier in their system than ours, which implies that 
V, of their network should be smaller than that of ours. Thus, 
such anisotropies, which usually have no significance for linear 
transport processes, are important in a nonlinear system such 
as what is studied here. According to Eq. 61, in the nonlinear 
regime, Q varies quadratically with V- V,. Row and Herr- 
mann (1987) used accurate numerical simulations and found 
that, Q- (V- Vc)6, and estimated that, 6=2*0.08, in excel- 
lent agreement with our EMA prediction. Thus, as in the case 
of power-law transport, compared with the linear transport, 
the performance of the EMA has improved. 

Figure 10 compares the EMA predictions with our Monte 
Carlo results in the cubic network, and the same qualitative 
trends that were seen in the square network are also observed 
here. We should point out that any distribution of the critical 
bond voltages could have been used here. We could have also 
selected the bond conductances g from a continuous distri- 
bution function. However, none of these would have changed 
the quadratic dependence of Q on V- V,. On the other hand, 
the EMA derived above can also be extended to the case in 
which n > 1 in Eq. 51, using the technique discussed above. In 
this case we still expect to have a nonlinear regime, but the 
nonlinear dependence of Q on V- V, would be stronger than 
quadratic. 

Nonlinear Transport due to Large Potential Gram 
dients 

In this section, we study nonlinear transport processes that 
arise as a result of a large external potential gradient. A large 
external potential gradient induces bias in the system in the 
sense that, in a d-dimensional system there will be an “easy” 
or longitudinal direction which is the direction of the external 
potential gradient, and along which transport takes place easier 
than the (d -  1) transverse directions. This bias also induces 
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Figure 10. Variations of macroscopic current Qwith the 
applied voltage V in the cubic network. 
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anisotropy in the medium such that one has to introduce two 
correlation lengths (instead of one as in isotropic systems stud- 
ied above), which are the longitudinal correlation length tL 
and the transverse correlation length t r  (see Figure 11). We 
assume that there is a critical value of the external potential 
V, such that for V >  V ,  macroscopic transport occurs. Suppose 
now that an external potential V >  V, is imposed on the system. 
An example of this kind of transport is immiscible displacement 
processes in porous media when the strengths of capillary and 
viscous forces are comparable and neither of them can be 
neglected. Under this condition, no interface between the two 
immiscible fluids in any pore can be moved unless a large 
external pressure is applied to the system and, in general, the 
problem is highly nonlinear (see Sahimi, 1993a, for a review). 
We define a dimensionless potential f = ( V- V,)/V,, which 
plays the same role as that of p - pc in the previous sections. 
Because Vc represents a kind of critical point or threshold, it 
is not unreasonable to assume that near f = 0, tL - f yL, and 

We should emphasize the chief difference between what we 
study here and that of the last section. In the present case, the 

ti--f”’. 

Figure 11. Strong macroscopic potential induces ani- 
sotropy in the network. E L  and Erare the cor- 
relation lengths. 
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external potential is so large that it induces bias and anisotropy 
in the system and in the shape of the sample-spanning cluster, 
whereas the networks studied in the previous section remain 
isotropic regardless of the value of V. The problem studied 
here has certain similarities with directed percolation (for a 
review, see Kinzel, 1983; for more recent references, see Duarte 
et al., 1992). In this problem, the bonds of a percolation net- 
work are directed and diod-like. Transport along such bonds 
is allowed only in one direction. If the direction of the external 
potential is reversed, then there will be no macroscopic trans- 
port in the new direction. Similar to the present case, one also 
needs two correlation lengths to characterize the shape of di- 
rected percolation clusters. However, there is an important 
difference between what we study here and directed percola- 
tion. The anisotropy in our system is dynamicalb induced: if 
we reverse the direction of the external potential we will still 
have macroscopic transport, whereas the bias and anisotropy 
in directed percolation are static and fixed. 

We calculate the fractal dimensions of the sample-spanning 
cluster and its backbone to highlight the differences between 
the present problem and those studied above. Transport prop- 
erties of such systems will be discussed in a future article. The 
accessible fraction of bonds (or sites) XA is assumed to follow 
a power law, X A  - fR, near f = 0. Thus, in a volume of linear 
dimension E, , we have X A  - ELR/", and the number of sites N, 
in the sample-spanning cluster is given by, N,- S&";'XA. 
Hence, if for length scales L <  < E L  we define a fractal di- 
mension for the sample-spanning cluster by N, - LD, then 

For an isotropic medium vL = vT, and Eq. 63 reduces to Eq. 3. 
In a similar fashion, we obtain a fractal dimension for the 
backbone of the cluster 

where we made the usual assumption that the correlation length 
exponents are the same for the cluster and its backbone. In 
the absence of any numerical estimates of these critical ex- 
ponents, we assume, for the moment, that the exponents V L ,  

vT, @ and p B  that we introduced here are equal to those of 
directed percolation. This does not imply that the two phe- 
nomena are the same. It only tells us that the shapes of con- 
ducting clusters in the two problems are roughly the same. The 
assumption that vL is the same as that of directed percolation 
is reasonable, because in the presence of a large external voltage 
V the bonds in the longitudinal direction essentially have the 
same configuration as those in directed percolation. However, 
the situation in the transverse direction is somewhat more 
complex and shall be discussed shortly. 

For directed percolation one has, v, = 1.734 and 1.27, vT= 1.1 
and 0.735, /3=0.28 and 0.6, and &=2@, for d = 2  and 3, 
respectively. Thus, we obtain D= 1.47 and 1.68, and DB= 1.31 
and 1.21, for d =  2 and 3, respectively. For a Bethe network, 
we have, vL = 1, v T =  1/2, 6 = 1 and PB = 2, which imply that 
D= 2 and DB = 1. Two points are worth mentioning here. First 
of all, the values of D imply that a large external field and the 
associated dynamical bias and anisotropy give rise to con- 

ducting clusters with low fractal dimensions. This can be under- 
stood by noting that, in such systems transport is essentially 
restricted to a narrow cone (see Figure 1 1). Secondly, the fractal 
dimensions D and DB calculated here are considerably smaller 
than those of isotropic percolation (see Table 1) and, in par- 
ticular, unlike DB for isotropic percolation, Eq. 64 predicts 
that DB decreases as d increases. This can be understood if we 
consider the problem on the Bethe network. In this case, any 
large external potential makes the network completely directed, 
since there are no closed loops. As a result, the backbone is 
made of directed branches which have a quasi-one-dimensional 
structure, and thus DB= 1. 

To improve upon these results and obtain more realistic 
estimates for D and DB we proceed as follows. Any given event 
in which a bond becomes conducting is independent of all 
other bonds. Therefore, the transverse bonds become con- 
ducting completely at random (because the mean voltage fluc- 
tuations in the transverse direction is zero), and the overall 
process is a random walk. That is, we can imagine that the 
consecutive events in which bonds become conducting are in 
fact consecutive steps of a random walk in ( d -  1) transverse 
directions. If so, we should have FT-EY2,  that is, the longi- 
tudinal direction acts as the time axis, and therefore the dis- 
tance that the random walker travels in the transverse direction 
should increase with the square root of time (which is the law 
of random walks or ordinary diffusion). This implies that 
vT= vL/2, and therefore 

and 

WethusobtainD=1.34and 1.53, andDB=1.18and 1.06, for 
d = 2 and 3, respectively. These values are even smaller than 
what we obtained above, and represent more accurate estimates 
of the true values of D and DB. 

Nonlinear Transport in Disordered Continua 
So far we have used random conductance networks as the 

model of a disordered medium. We now consider power-law 
transport and discuss how our results may change if we use a 
continuum model. The most notable differences between the 
two cases are in the scaling behavior of the transport properties 
near pc, and therefore we only discuss this aspect of the prob- 
lem. It is almost always possible to map a disordered continuum 
onto an equivalent network, an example of which was discussed 
in the Introduction. However, if we use the equivalent network, 
instead of the continuum itself, we should also decorate the 
network with the natural distribution of the conductances. 
Moreover, not only should we select the bond conductances 
from the natural distribution, we should also make sure that 
the correlations that usually exist in a continuum are not de- 
stroyed. Such correlations, which are between the conductance 
of the neighboring bonds, are usually of short range, and it 
is generally believed that they do not change the scaling prop- 
erties of a given system, so that the critical exponents rerndn 
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unchanged, although the numerical value of a given property 
in a correlated system may be quite different from that of a 

However, depending on the structure of the natural distri- 
bution, the scaling properties of the transport properties can 

is given by: 

completely random one. a 1 
t , ( ~ ~ ) = l + ( d - 2 ) v + - I t ( ~ ~ ) S t + - .  (72) 

1 - a  1 - a  

change. Consider first the case of a linear transport process, 
such as conduction or diffusion, in a disordered continuum, 
such as that shown in Figure 2. It was shown by Feng et al. 
(1987) that the scaling of the transport properties of this system 
near its percolation threshold is very different from those of 
a random network. In particular, if tsc denotes the critical 
exponent of the conductivity of the system, then for a 3-D 
Swiss-Cheese model one has (Feng et al., 1987) 

1 
tsc= t + -. 

2 (67) 

Moreover, one has to define a permeability exponent which, 
unlike the case of random networks, is very different from the 
conductivity exponent t .  If, near pc, the permeability k of the 
system obeys the scaling law, k-(p-p,)",  then (Feng et al., 
1987) 

3 
esc= t + -, 2 

for 2-D systems, and 

(69) 
5 

es,= t + -, 
2 

for 3-D systems. These equations imply that near pc the perme- 
ability curves of the Swiss-Cheese systems are much flatter 
than those of random networks. To obtain an estimate of 
conductivity exponent for power-law transport in the Swiss- 
Cheese system we proceed as follows. Since, as we showed 
above, the exponent { ( n )  depends only weakly on n ,  we assume 
that it is approximately constant. Equation 67 would then 
imply that, CSc= {+ 1/2, where CSc is the analog of { for the 
Swiss-Cheese model. This would then imply that: 

(70) 
{+ 1/2- v 1 

= t ( n )  +-, n 2n 
tsc(n) = (d-  l)v+ 

which reduces to Eq. 67 in the limit n = 1. We can use the same 
argument to obtain an estimate of the permeability exponent 
esc(n).  Thus, for a 3-D Swiss-cheese system we obtain: 

which reduces to Eq. 69 in the limit n =  1. Equations 70 and 
71 should provide reasonable estimates of esc(n) and t s c ( n ) .  
They also show that the permeability and conductivity curves 
for power-law transport in a continuum are much flatter than 
those of random networks. It was also shown by Straley (1982) 
and Feng et al. (1987) that if the conductance distribution of 
a random continuum is of the form, f ( g ) =  
( 1  -p)6(g) + p (  1 -a)g-p, where 01a11, then the conduc- 
tivity critical exponent t (a) of this system is not universal and 

Thus, using the same technique and assumption as the above, 
we may obtain an estimate for t(a, n) or e(a, n) for power- 
law transport in such a continuum. Feng et al. (1987) showed 
that such power-law conductance distributions are very com- 
mon among disordered continua. In fact, for the Swiss-Cheese 
models in d-dimensions one has, a = (2d- 5)/(2d - 3). In d =  2, 
a = - 1, and the distribution is not singular at g = 0, and there- 
fore tsc= t .  In d = 3 ,  a= 1/3, and the conductance distribution 
is singular at g = 0, and gives rise to Eq. 67. Moreover, Straley 
(1982) argued that: 

t ( a )  =min[t, t , (a)] .  (73) 

Sahimi et al. (1983a) showed that such singular distributions 
can give rise to unusual diffusion phenomena, including one 
in which the mean square displacement of a diffusing particle 
grows with time slower than linearly, and the long-time dif- 
fusivity is zero. Note that such power-law conductance dis- 
tributions do not obey (Eq. 8), which explains the non- 
universality of t(a). 

A few points are worth mentioning here. First of all, the 
above exponents for a continuum can also be obtained with 
the network models if we select the bond conductances from 
the natural distribution of the continuum. Thus, our analysis 
of power-law transport in a Bethe network remains completely 
valid. All we have to do is to use a distributionf(g) which 
corresponds to that of a continuum. Secondly, if we want to 
use Eqs. 34 and 35 for power-law fluid flow in a continuum, 
we should replace tn with its corresponding value for a con- 
tinuum (for example, Eq. 70). Finally, we can convert Eqs. 47 
and 48 to EMAs for disordered continua by converting 212 
and the exponent l /n to their corresponding values for a con- 
tinuum. For example, for the Swiss-Cheese model, we should 
replace 2/2 with l / d ,  and the exponent l /n  with 3/2n, so that 
Eq. 47 may be rewritten as: 

(74) 

These results demonstrate the subtle differences between ran- 
dom network models and disordered continua. 

Summary 
Using percolation and scaling concepts, effective-medium 

approximation, and Monte Carlo simulations, we studied three 
types of nonlinear transport processes in disordered media. 
Our results clearly demonstrate that the interplay between the 
disordered structure of the media and the nonlinear nature of 
the transport process can give rise to a rich variety of mac- 
roscopic transport regimes that are completely absent in linear 
systems. One surprising result was that the effective-medium 
approximations for the nonlinear systems that we studied turned 
out to be more accurate than those for linear systems. 

Many of our results can be generalized to more complex 
nonlinear transport in random media. For example, if the 
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relation between q and v is o f  the form, q = f, ( v ) ,  where f, is 
any physically-acceptable function of v,  we can approximate 
fi by severai straight lines and obtain a system characterized 
by several thresholds, each one of which would describe the 
transition from one linear relation between q and v to another 
one. The EMA developed in Section 4 can then be generalized 
t o  describe the Q- V behavior of such systems. Stroud and 
Hui  (1988) and Zeng et al. (1988) have studied the effective 
dielectric function of a heterogeneous solid in which there is 
a weakly nonlinear relation between electric displacement D 
and electric field E of the form D = EE + x I E I ’E, where E and 
x are random variables. Likewise, we can study random net- 
works in which transport in a fraction o f  the bonds is linear, 
but it is nonlinear in the rest o f  the bonds, and it is of  the 
form, q = gv + xua, with a > 1. This would enable us to study 
the so-called Frocheimer regime of fluid flow which is the limit 
a = 2. In such cases we may expect to obtain an even richer 
variety of macroscopic transport phenomena than what we 
studied in this article. We hope that our results will stimulate 
more work in this rich and important area of research. 
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Notation 
d =  
D =  
DA = 

esc = 
E =  
f =  
F =  
g =  

g m  = 
G =  

G,  = 
h =  
H =  

I =  
k =  

I =  
I< = 
L =  
m =  

M e d  = 
n =  
P =  

P‘ = 
P =  
4 =  

r =  
Q =  
R =  

R, = 
s =  
I =  

I ,  = 
f s r  = 
u, = 

v =  
v,. = 
v =  

Euclidean dimensionality 
fractal dimension of the sample-spanning cluster 
fractal dimension of the backbone 
permeability exponent of Swiss-cheese model 
electric field 
conductance distribution 
formation factor 
bond conductance 
effective conductivity of a network 
conductance of a branch of a Bethe network 
effective conductance of a branch of a Bethe network 
conductance distribution 
conductance distribution of a branch of a Bethe network 
dissipated power 
effective permeability 
pore length 
critical length scale 
network size 
parameter of power-law fluids 
number of red bonds 
power-law exponent 
fraction of conducting bonds 
percolation threshold 
pressure 
microscopic current 
macroscopic current 
bond resistance 
blob resistance 
tube radius 
surface area 
conductivity exponent 
power-law conductivity exponent 
swiss-cheese conductivity exponent 
mean flow velocity 
microscopic voltage 
microscopic critical voltage 
macroscopic voltage 

V, = macroscopic critical voltage 
X A  = accessible fraction 
X B  = backbone fraction 

z = coordination number 

Greek letters 
CY = parameter of conductance distribution 
f l  = exponent of accessible fraction 
& = exponent of backbone fraction 
f = correlation length 

f r  = longitudinal correlation length 
f r  = transverse correlation length r = resistivity exponent 

Cmin = fractal dimension of minimum paths 
{,& = fractal dimension of the red bonds 
X = Laplace transform variable 
Y = correlation length exponent 

vL = longitudinal correlation length exponent 
vT = transverse correlation length exponent 
I$ = porosity 
u = tangent conductance 

urn = effective tangent conductivity 
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